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Computinga SSSP.

(Ford 1956 + Pantzig1957)
Each vertex will storevalues.

(think of these as tentative
shortest paths. ) (dist, pred)

-dist(v) is length of tentative shortest
path Surv
(or o if don't have an option yet

- pred(v) is the predecessor of v on that
tentative path Suv (or NULL if none)

(D ,P (D ,9)
Initially :

10
,
0S se ,o->(u ,b)



We say an edgear is tense if
dist(n) +w(n-v)&

S SeX
->

EX :

**Initially :

>- O + 10 < AX

↳-
L

Here :
(d(u) ,Pi
-

In genera
I : ~bluer)①

DeS num-⑭



keyIdea for algorithm :

Find tense edges a relax
them : ·
-I
-

Then :

X

-
-

(0,a)
-

-

- i
sor



Dijkstra159) -> assume pos edges
(actually Leyzorek et al '57, Partzg'58)

Make the pag a priority queue :
Keep "explored" part of the graph , S

Finally , S= Es3 + dist(s)=0

Whi SV :elect mode veS with one edge from[ S

e= (u,v) , ueS

Call others NULL + C)

Stor with :

[ mir(dist(n) +writersonl
AddS ,

set distv)+pred)
Let's formalize this abit...



(w/ pas. edge weights!) )Correctnessansider the set S at any point in the
algorithm -
For each utS

, the distance dist(n) is the
shortest path distance

150 pred (n) traces ashortest path).

#f : Induction on 1S) :

Bcase : 1Sl=1 ~
dist(s)=0
-

#: Spps Claim holds when
1Sl = k- 1 .



End Step : Consider ISK= K :

algorithm is adding some v to S

V-S-Er]

⑧G⑳
minw



Bo'simplementation :
When v is added to S:

- look at vis edges and either insert

w with key dist(v) + w(v +w)
- or update wis key ,

If dist(v) + w(ve w)
beats current one

S

uX
- U

Y

-

↑ delete
8

or
a reinsert



Analysis : Let u: be it
vertex
-

extracted from quere,
a let

di-value of dist (n .) When extracted .

-

Lemma If G has no negative edges,
-

then for all icj , dis
Proof

- later
Ex an i :

H anyd use un
+
wesS ⑮

&

con parent
&-> dO as I ditwagt

J .

(hence isE
9 er

or not : use
some

Voter in S
athose

current best in keep were long
in Loop



Lemma : Each vortex is extracted from
the

-

heap once (or
less)

Froof : Spps not
:

Uj #
a
- ----

oV = 4 =
V =Uk

prev
lemme know d G
But :v was readded to queue

means some edgev
became tense &

won't be



Runtime : In the end
,
runtime is

-

OCElogV) -

O([ +V) log V)

Why? Heap ops :

decrease epi times ↓-

Insert : V times fExtractMin : V times
-

each heap op takesOlu)readd
Main downside : negative edges to

quere
Calot
E



-

How to dad with negative edges ?

Recall :

⑨

So two issues :

· Negative edges : Dijkstramight
take along

· Negative cycles : no finite
Shortest path



Bellman-ford :
Relax edges for a

while

Stop when every edge has been
relaxed

at least once

If any
one is still fense :

you've
relaxed2 times !

At end : track paths.
of length V E

Rundme : VoE [ Ep
>



How to prove correctness ?

Notation:

Let distri (v) :=

length of shortest stor pathunis
E

&

V
,

↳
-4643-

-



Claim : Free
,
after Iterations of B-F)

-

dist(v) = dist(v)
S

Eductionon i :

B: i =0 : only s is
reachable

with length 0 path ,all
othersa

# : After i-literations, all tentative

guesses are div
(v) .
-

E: Now consider div) : relay
a
bund

of edges
built from a path ->>
-



soto
to to ...
-

↳ P edges
We know in round it,x)

VX EV.

Consider new in
nextround :

It was fense :

ottensmallerbuildingna&
(it) + 1

or not :

keep length it path
: no

new edge makes thing shorter



Therest : an (in practice) speed-up.
BF looks at every edge.

Do we
need to

Think of a BFStreet "tokeni

l
-

level1
vertis
-

queue :-
SIELs' ubrsif level 2 (E)
u mu



Final version : Bellman's !
only usingitless
T

- tense
-
-use

some edgo

Why ?? Usingagain of ed
Since all paths are V-1,-

distri (v) Eist(v)
-

(assuming no negative cycles) isC
O
~



Nicer : DP !
distC

-

= >

Later observation : Really
the-

Just update thostentative" distances , atrust

it'll halt.

(
Runtimei -Samei V

.E
tense W

#
rof

S



Nexttime : MSSP
SSSPs are nice, but :

Thatfwearedoing
of shota

-

Goal Precomputethese,
a store them !

-
vi

How to store
,
Vz ..... Un
v

Lookup time: besta a route



But : how to compute ?
-

Obviousanswer designed two or three
55Sp algorithms use them !

dist[2.]
MSSP(6) :

for each VEG :-
run SSSP(v)

"drstore tree distances

-&

V .(SSSPcomp)
Can we do better? Yes


